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Water-wave gap solitons: An approximate theory and numerical solutions
of the exact equations of motion
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It is demonstrated that a standard coupled-mode theory can successfully describe weakly nonlinear gravity
water waves in Bragg resonance with a periodic one-dimensional topography. Analytical solutions for gap
solitons provided by this theory are in reasonable agreement with numerical simulations of the exact equations
of motion for ideal planar potential free-surface flows, even for strongly nonlinear waves. In numerical ex-
periments, self-localized groups of nearly standing water waves can exist up to hundreds of wave periods.
Generalizations of the model to the three-dimensional case are also derived.
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I. INTRODUCTION

As we know from nonlinear optics, specific self-localized
waves can propagate in periodic nonlinear media, with a fre-
quency inside the spectrum gap. These waves are referred to
as gap solitons (alternatively called Bragg solitons; see, e.g.,
Refs. [1-11]). In the field of Bose-Einstein condensation
also, gap solitons (GSs) are known [12-14]. Recently, it has
been realized that GSs are also possible in water-wave sys-
tems [15]. In particular, very accurate numerical experiments
have shown that finite-amplitude standing waves over a pe-
riodic one-dimensional topography are subjected to a modu-
lational instability which spontaneously produces Bragg
quasisolitons—localized coherent structures existing for doz-
ens of wave periods. However, in the cited work [15], no
analytical approach was presented. As a result, many impor-
tant questions about the shape and stability of water-wave
GSs were not answered. The present work is intended to
clarify this issue, at least partly. More specifically, for a
given periodic bottom profile with a spatial period A, we
shall derive, in some approximation, coefficients for a stan-
dard model system of two coupled equations, describing evo-
lution of the forward- and backward-propagating wave enve-
lopes A+ (x,1) (see, e.g., Refs. [2,4,7,10]),

i(0, 2 V,d)A. =AA- + (DA P+ TxA-PAL, (1)

where ¢ is the time, x is the horizontal coordinate in the flow
plane, and A (x,7) are slow functions. Let the free surface be
at y=0 at equilibrium. Then elevation of the surface y
=7(x,t) is given by the following formula:

n(x,t) — Re(A+ein—iw0(K)t + A_e—in—iwo(K)t)
+ (higher-order terms in kA .), (2)

where k=2/(2A) is the wave number corresponding to the
main Bragg resonance, w,(k)=[gx tanh(hyx)]"? is the fre-
quency at the gap center, g is the gravity acceleration, and A
is the effective depth of the water canal [definitely, A is not
a mean depth; more precisely it will be specified later by
Egs. (6) and (7)]. The coefficients in Egs. (1) are the effec-
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tive group velocity V,=dwy(k)/dx, the half-width A of the
frequency gap, the nonlinear self-interaction I'y, and the non-
linear cross interaction I'y.

Generally, the following assumptions are made in deriva-
tion of the above simplified standard model. (a) Dissipative
processes are negligible. (b) The periodic inhomogeneity is
relatively weak (that is, A<w,). (c) The waves are weakly
nonlinear. (d) The original (without inhomogeneity) equa-
tions of motion, when written in terms of normal complex
variables Ay, contain nonlinearities starting from the order 3:

y 1 A
A =~ o, (K)Ay + 2 f T(k,kz;k3,k4)A:2Ak3Ak4
X 8k + Ky — ks — ky)dkydksdk,, (3)

where w,(K) is a linear dispersion relation in the absence of
periodic inhomogeneity [a weak inhomogeneity adds some
small terms to the right-hand side of Eq. (3); the most im-

portant effect arises from a term iAk, where L is a “small”
linear nondiagonal operator]. It is also required that (e) the
coefficient T(k;,K,;Kks,ky4) of the four-wave nonlinear inter-
action should be a continuous function. In application to wa-
ter waves the requirements (d) and (e) mean that (i) all the
second-order nonlinearities are assumed to be excluded by a
suitable canonical transformation (the corresponding proce-
dure is described, e.g., in Refs. [16,17]); (ii) the model sys-
tem (1) can be good only in the limit of relatively deep water,
since at a finite depth the function 7(k,,k,;ks,k,) is known
to contain discontinuities which disappear at infinite depth
(see, e.g., Ref. [17]). Therefore we introduce a small param-
eter

e = exp(—2khy) <1, 4)

and we consider in the main approximation only the princi-
pal effect of weak spatial periodicity, namely, creation of a
narrow frequency gap with A ~ew, under the main Bragg
resonance conditions. Then we imply a standard procedure
for obtaining approximate equations for slow wave enve-
lopes, where the deep-water limit of T(k;,k,;k;,k,) is
used for the coefficients I'gcT(k,k;k,x) and Iy
«2T(k,—k; k,—k). Thus we neglect in the actual nonlinear
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wave interaction some relatively small terms with coeffi-
cients of order €.

Of course, the functions A. should be sufficiently “nar-
row” in the Fourier space, since dispersive terms propor-
tional to second-order derivatives &zxAi are not included in
the model.

After derivation of all the coefficients in Sec. II, some
known “solitonic” solutions of Egs. (1) will be compared to
numerical results for exact hydrodynamic equations, with
nearly the same initial conditions as for the solitons (in Sec.
III). We shall see that very long-lived self-localized groups
of standing water waves are possible. In some region of soli-
ton parameters, water-wave GSs exist up to hundreds of
wave periods, until processes not included in Eq. (1) change
them significantly. In Sec. IV we discuss some promising
directions of further research, concerning three-dimensional
generalizations of the coupled mode equations. Some auxil-
iary calculations are placed in two Appendixes.

II. COEFFICIENTS OF THE MODEL

We start our consideration with a short discussion of the
conditions when dissipation due to bottom friction, caused
by water’s (kinematic) viscosity v, is not important in the
wave dynamics. Obviously, the viscous sublayer should be
relatively thin in this case: d,<<A. In the nearly linear re-
gime, the width of the sublayer can be estimated as d,
~(v/ w)"?, where w~ (g/A)"2. This gives us the following
necessary condition for applicability of the conservative
theory:

A3/4gl/41/_1/2> 1. (5)

Generally speaking, one cannot exclude the possibility that
in a strongly nonlinear regime the vorticity can sometimes be
advected by a wave-produced alternating velocity field far
away from the rigid bottom boundary. Such vortex structures
are typically generated near curved parts of the bed, and they
can significantly interact with surface waves. However, we
assume this is not the case; otherwise, the problem becomes
too complicated. Although we do not have a simple criterion
to evaluate the influence of the bottom-produced vorticity,
with A=1 m we still hope to be correct when neglecting
water viscosity, as well as compressibility and surface ten-
sion. This allows us to exploit the model of purely potential
free-surface ideal fluid flows, commonly used in the water-
wave theory.

Since in this work we consider the case of relatively deep
water, we can write wy(k)=w.(k)(1-¢g), where w,(k)
=(gx)"? is the frequency corresponding to infinite depth.
Later we will see that the values £€=0.01-0.02 are of the
most interest.

Let us introduce conformal curvilinear coordinates ({;,{,)

determined by an analytic function B({), with Z=¢,+i(¢,
—hg), so that

X+iy= B)=¢- 2K_12 B,e" sin(2nk?), (6)
n=1

with real coefficients (,. Without loss of generality, we as-
sume B;>0. The unperturbed water surface y=0 corre-
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FIG. 1. Example I: unperturbed free surface and the bottom
profile for 2hgk=1.47, Dy=0.95, and £C=0.012 29 [see Eq. (21)].

sponds to real values of l=¢ 1—1i0, while at the bottom we
have {,=0, and

XO(g)) +iYP(g)) = B(L, - i) (7)

is a parametric representation of the bed profile, which can
be highly undulating (see, for example, Fig. 1).

In these conformal coordinates, a spectrum w(w) of linear
potential waves is determined through the following equation
(compare to Ref. [18], where an analogous approach but
slightly different notations were used):

[w’B'(£)) - gk tanh(hek) ¥ ,(¢;) =0, (8)
with

B'(¢)=1-42, nB,e" cos(2nkl,). (9)

n=1

Here [k tanh(holg)] is a linear operator which is diagonal in
Fourier  representation:  for any  function  f({))
=[f, exp(ik{,)dk/2 1 we have

[k tanh(hok) 1£()) = f k tanh(hok) fre™*€1dki2a.  (10)

The eigenfunction W ,(¢;) takes the form
“+00

(L) =€ ) ¢ e, (11)

n=—00

with some coefficients c,. With a given u, we have an infi-
nite homogeneous linear system of equations for c¢,. Non-
trivial solutions exist for some discrete values wy,,(u). The
first gap in the spectrum is the difference between the two
first eigenvalues at u=«, that is, 2A=w(y)(k) - w()(k). Ap-
proximately, for small & these eigenvalues are determined by
the coefficient B8, (compare to Ref. [18]),

{1 (k) = gk tanh(hgr)(1 T 2e6)). (12)

It should be noted that w(k) corresponds to ‘Iff(l)
~sin(k{;), while () (k) corresponds to \I’f)xcos(fcg 0.
Thus, in the first order in &, the half-width A of the gap in the
spectrum of linear waves is

=~ w*(K)Sﬂl = w*(K)&’ (13)

where A=¢ B1<<1 is a small dimensionless quantity.
As to the nonlinearity coefficients I'g and Ty, their values
for the case of infinite depth (in other words, their zeroth-
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order approximations in €) can be easily extracted from Ref.

[19]:

1
Ig= —w*(K)KZ, FX%—a)*(K)KZ. (14)

2
It should be noted that the cited work [19] relies on results
obtained earlier by Krasitskii [16], who calculated the ker-
nels of the so-called reduced integro-differential equation for
weakly nonlinear surface water waves (see also the paper by
Zakharov [17], and references therein). It is important in
many aspects that for deep-water waves the coefficients I
and I'y have the opposite signs, and their ratio is I's/I'y=
-1/2.
With the same zeroth-order accuracy, the group velocity is

| @,(x)

& 2 k

(15)

Now all the coefficients have been derived, and the sim-
plified coupled-mode equations for relatively deep-water
waves in Bragg resonance with a periodic bottom take the
following explicit form:

0, J ~ 1
il =+ |a, =Aa_+ —(|a,]* - 2|a_)a,, (16)
2k 2

(1)*

. &t ax g 1 2 2

i| —-—|a_=Aa, + =(la_|* - 2|a,|H)a_, (17)
w, 2k 2

where a.(x,1)=kA.(x,t) are dimensionless wave ampli-
tudes. Analytical solutions are known for the above system
(see [2,4,7,10]), describing moving localized structures, the
gap solitons. In the simplest case the velocity of GSs is zero,
and the solutions essentially depend on a parameter o, the
relative frequency inside the gap (-1<8<1):

as= \r’m expl— iﬁﬂw*t+ iv = iex)], (18)
(1 _ 2
1) = 4A(1 - &) ’ (19)

cosh(@AV1 - 8kx) + 8

1-6 - —
o(x) = arctan( 1/ T+ 5 tanh(2AV1 — 52Kx)). (20)

These expressions correspond to purely standing, spatially

localized waves with frequency w=(1-¢+A)w, (concern-

ing their stability, see Ref. [7], where, however, stability do-

mains were presented for a different ratio I'g/I'y; there are

some numerical indications that the above GSs are stable in

the parametric interval 6, <6<1, where the critical value
. ~—0.4).

It should be noted that one can hardly expect a detailed
correspondence between the very simple model (16) and (17)
and the fully nonlinear dynamics, but just a general accor-
dance sometimes is possible. In particular, the model does
not describe nonlinear processes resulting in generation of
short waves which take the wave energy away from a soli-
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ton, thus influencing its dynamics. The model is also not
generally good for studying collisions between solitons,
since the wave amplitude can significantly increase in inter-
mediate states.

III. NUMERICAL EXPERIMENTS

In order to compare the above approximate analytical so-
lutions to nearly exact numerical solutions, we chose the

following function B(?):

- - iD 1 + eCelint
B(§)=z+u1n(#), 1)
K 1+ gCe2ix¢

with real parameters 0<<Dy<1, and 0<C<1. Hence, A
=eDyC<e. For Dy and C both close to 1, Eq. (21) gives
periodically arranged barriers (see, for example, Fig. 1). The
barriers are relatively thin when (1-Dg) <1, and relatively
high as C— 1. However, in numerical experiments with
high-amplitude waves, a strong tendency was noticed toward
formation of sharp wave crests over very thin barriers (say,
when D,=0.99), already after a few wave periods. With
sharp crests, the conservative potential-flow-based model
fails (it is also clear that the tops of narrow barriers must
generate strong vortex structures). Therefore we took D,
=(0.7-0.9) in most of our computations in order to have a
smooth surface for a longer time. Exact equations for ideal
potential free-surface planar flows were simulated (their deri-
vation can be found in Ref. [18]; some generalizations are
made in Refs. [20,21]). As in Ref. [15], we dealt with dimen-
sionless variables corresponding to g=1, k=100. The dimen-
sionless time 7 is then related to the physical time 7=177 by
a factor 7=(100A/mg)"?. For instance, the period of
linear deep-water waves with the length A=2A is T,

=2m/ \s"m)rz 0.6287. At t=0, we set the horizontal free
surface, while the initial distribution of the surface-value ve-
locity potential was

(&) = 2K—3/2\"T§1) cos[ kdy + (£))] = Wis(4)),
(22)

in accordance with the approximate relation 7,~= k.

Many simulations with different parameters were per-
formed, and a very good general agreement was found be-
tween numerical and analytical results in the weakly nonlin-

ear case, that is, for small steepness s=2[1(0)]"2=4[A(1
-9)]"250.35. So, with 2hok=14m, D,=095, &C
=0.01229, and 6=0.4 (example I), some noticeable devia-
tions from the purely-standing-wave regime were observed
only after #/ 7= 120 (see Figs. 2 and 3). In a real-world ex-
periment it could be several minutes with A ~1 m.

It is interesting that, even for larger s, up to s=~0.48, GSs
can exist for dozens of wave periods. A numerical example
for such a relatively high-amplitude water-wave GS is pre-
sented in Figs. 4 and 5, where 2hyk=1.2m, Dy=0.7, eC
=0.022, and 6=0.0 (example II). In this simulation, there
were 45 oscillations before sharp crest formation (see Figs. 4
and 6). As to a further evolution of such GSs, only in a
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FIG. 2. Example I: free-surface elevation at x=0 (at the center
of a GS) for §=0.4.

real-world experiment will it be possible to get reliable
knowledge about it, since various dissipative processes come
into play.

Concerning water-wave GSs with negative 6, their behav-
ior for 6>-0.4 was found stable, while for 6<-0.5 the
dynamics was unstable, and partial disintegration of GSs was
observed after a few tens of wave periods (not shown). How-
ever, in some numerical experiments, the lifetime of GSs was
limited by the above-mentioned process of sharp crest for-
mation rather than by their own instability in the frame of the
model (16) and (17), at least with 5 0.4 (not shown).

Finally, we would like to present an example of interac-
tion of two GSs (example III). The bed parameters are
2hgk=1.2m, Dy=0.7, and eC=0.023. Both solitons initially
had 6=0.4 and they were separated by a distance 66A. At ¢
=0 we set the horizontal free surface and

(L)) = Wgs(4y = 33A) + Wgs(L) +33A). (23)

This numerical experiment also describes interaction of a
single GS with a vertical wall at x=0. Surface profiles for
several time moments are shown in Figs. 7 and 8. We see
that in this example the interaction between GSs is attractive.

IV. THREE-DIMENSIONAL GENERALIZATIONS
AND DISCUSSION

In this work, coefficients of the standard model (1) were
derived for water-wave GSs in the approximation of rela-
tively deep water. The frequency gap in this case is small (of
order €) despite strong bed undulations. It seems that a more
general situation of intermediate depth cannot be described
by this basic model, since an interaction of the main wave
with a long-scale flow (“zeroth harmonics™) is then essential
and should be included in the equations. At the formal level,
this corresponds to the mentioned discontinuities of the four-
wave matrix element 7(k;,k,;Kks,k,) at a finite depth. Actu-
ally, in finite-depth dynamics, three-wave interactions are
more essential, and therefore they cannot be removed effi-
ciently by a weakly nonlinear transformation. This is the
main difference between the present third-order theory and

0.3
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oHh
-0.1 -
-0.2

y(0)/A

0 5 10 15 20 25 30
tt

FIG. 4. Example II: free-surface elevation at x=0 for 2hgk
=1.2m, Dy=0.7, eC=0.022, and 6=0.0.
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FIG. 5. Example II: free-surface profiles for different time mo-
ments corresponding to maximum elevation at x=0.

previously developed second-order theories (see, for ex-
ample, Ref. [22]).

So far we have considered purely two-dimensional flows,
with the single horizontal coordinate x. Let us now introduce
two important generalizations for three-dimensional flows.
Below we only derive the equations, but their detailed analy-
sis will be a subject of future work.

In the first case, the bottom topography is still one dimen-
sional, but we take into account weak variations of the wave
field along the second horizontal coordinate ¢, simply by
adding dispersive terms, proportional to &zai, to the
coupled-mode system, as written below:

(Z—&l + 19 + ﬁ;)at =Aa, + l(|aa_,|2 —2la=P)a-.
w, 2k 4k 2
(24)

In this system, a near-band-edge approximation for the upper
branch of the linear spectrum gives a two-dimensional (2D)
focusing nonlinear Schrédinger equation (NLSE). Thus, in

! !
free surface
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FIG. 6. Example II: formation of sharp wave crests over
barriers.
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FIG. 7. Example III: interaction of two water-wave GSs.

the long-scale limit, the system (24) exhibits a tendency to-
ward wave collapse which is known as a typical feature of
2D NLSE dynamics.

In the second case, the periodic bottom profile Y”)(x,q)
=—h+x(x,q) is essentially two dimensional, and in the hori-
zontal Fourier plane there are several pairs of Bragg-resonant
wave vectors. For simplicity, we present below equations for
the case when x(x,q) has the symmetry of a square lattice,
with equal periods A in both horizontal directions x and ¢:

X= > anlnz[cos(an KX + 2n,kq) + cos(2n, kx — 2n,kq)],

nyny

(25)

where the coefficients possess the symmetry Uy, = Q- Let
us consider the interaction of two wave pairs having slow
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FIG. 8. Example III: highly nonlinear wave near x=0. Here the
free-surface profiles are presented from ¢/ 7=35.16 to 35.80 with the
time interval A¢/ 7=0.04. The wave profiles, except the last one, are
given vertically shifted for convenience. The bed shape is also
shown.

complex amplitudes a+(x,q,t) and b(x,q,t), with the first
pair corresponding to wave vectors =p;= = (7/A)(1,1) and
the second pair corresponding to *p,= = (mw/A)(-1,1). Tt
is important that the absolute values are equal to each
other: |p1|=|p2|=v’5KE 2. Again we will assume €
=exp(—2xh)<<1. It is convenient to use new horizontal co-
ordinates

q+x q-x
X = T, xzzﬁ. (26)

The elevation y=7(x;,x,,1) of the free surface is then given
by the formula

xnp=Re[e ™ (a,e™ 1 +a_e "1+ b ™2+ b e 72|+ -+,
(27)

where Qq=[gx tanh(hyx)]">=~Q,(1-¢,), with Q, =(gx)"?
and €,=exp(-2xh,), and the ellipsis corresponds to higher-
order terms (again, we should note that generally h,# h).
The approximate equations of motion for the amplitudes
have the form

[ a 9 THy
i Q_* + 2, ja=aast &b, +b_)+ PR (28)

=+

. ‘91 0"2 JH“I
i o = b.=€b-+6la,+a)+ PR (29)

.
where the small constants €; and e, depend on the given bed
profile, ai and bi mean the complex conjugate quantities,
and the function H,, corresponds to nonlinear interactions.
Using an explicit expression from Ref. [17] for the deep-
water four-wave resonant interaction T(K;,K,;Kks,Kk4), we
have
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FIG. 9. Normalized matrix element 7(k;,k,;k;,k,) for two
wave vectors of equal length, with an angle ® between them.

1
o=yl +laf*+ b, + b1 - |, Plal* - b, b-*
+ 7 {lau 1o + lauPlb-P + la_Plb,* + la b}

3 «
- Z(a+a_bjbf +aa’b,b), (30)

where 7| =T),,(0) =0.023 46 is the normalized value of the
matrix element T(k,,k,;k;,k,) for two perpendicular wave
vectors of equal length (see Fig. 9). Since 7, <1, we actually
may neglect in H,; the terms proportional to 7, .
Unfortunately, it is hardly possible to find some analytical
space-dependent solution for the nonlinear system (28) and
(29), but it can be investigated by approximate methods. The
parameters €, €, and €, can in principle be calculated from
solution of a linearized problem for water waves over a pe-
riodic 2D bed. An exact linearized equation for the surface
value of the velocity potential can be written in the form

{w¥g - [k tanh(hk)] - N}¥ (r) =0, (31)

where r=(x,q) is the radius vector in the horizontal plane,

ﬁ:(l@i#%)” 2 while N is a self-conjugate linear operator cor-
responding to a bottom inhomogeneity. However, in three

dimensions there is no compact form for N, valid with any
bottom profile. At the moment, there are only approximate
expressions N=N 1 +]<J2+ e +]<Jm, obtained by expansion (up
to finite order m) of the vertical velocity at the level y=0 in
powers of the (relatively small) bottom deviation x(x,q)
from a constant level y=—h. The linear self-conjugate opera-

tors N ; have the general structure
N; = [cosh(hk)]™'S [cosh(hk)]™, (32)
with

$1=(VxV), (33)

tanh(hk)

§2=—(VXV)( ; )(VxV), (34)
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tanh(hk) ) (Vy V)

tanh(hl%) )
k

§3=(VXV)( (VXV)(

Leevmm-teevw). e

and so on, where V is the horizontal gradient (see Appendix
A).

Now we are going to calculate €, €;, and €,. Let us note
that with e<<1 the four independent eigenfunctions in Bragg
resonance are V. =cos(kx)cos(kg), W= sin(kx)sin(kq),
V. ~cos(kx)sin(kg), and W =~sin(kx)cos(kg). Accord-
ingly, we have for the eigenfrequencies

w?/g = xtanh(hx) + (W NP )(P2), (36)

(where (- --) mean the average value in the horizontal plane),
and analogously for w’, and wZ=w:.. Let us introduce short-
hand notations for the small quantities v,
= (P NV )/ [2:(W2)]<1, and similarly for vy and v
=v,.. Then we have the approximate equalities

We =~ ‘Q’*(l — €+ Vcc), (37)
wssx‘Q’*(l —€+ Vss)’ (38)
W= 0 = O (1 = €+ ). (39)

These frequencies should be identified with the eigenfre-
quencies of the linear part of the system (28) and (29), for
space-independent solutions:

o110y = Q1 - ) + € +26] = o, (40)
w1 -1-1)=Q[(1 - &) + € - 26] = o, (41)
w(l,—l,l,—l)zﬂ*[(l_EO)_fl]zwcs’ (42)

w(l,—l,—1,1)=Q*[(1—fo)—61]=wsc- (43)

As a result, we obtain the required formulas for the model
parameters:

1
€~ E_Z(Vcc"' Vss+2Vcs)’ (44)
1
€= Z(Vcc t Vg — 2Vcs)7 (45)
1
€= Z(Vcc - Vss)- (46)

With Egs. (32)-(35), calculation of v, v and v is
straightforward if the function y(x,q) contains a finite num-
ber of Fourier harmonics; for example,
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a) @
x=—(cos 2kx + cos 2kq) + — cos 2kx cos 2kq. (47)
K K

Moreover, since €<< 1, it is possible to simplify the operators
S ; by writing there k™! instead of [tanh(hk)/k]. By doing so
and taking into account only N; and N,, for the bottom pro-
file (47) we obtain approximately

2€
622—_/—0{1(12, (48)
V5

€
€] = _/—az, (49)
V2

8 1
€~ € 1+?a%+<1+7>a§ ) (50)
\V5 2V5

Thus, the expansion ]Q’%lcll +]<72+ e +]<7m is certainly useful
for analysis of the case |V x| <1, but it can hardly be valid for
a strongly undulating bed. It should be noted that a global
representation of the velocity potential in the form (A1) (see
Appendix A) is questionable in the general case. The deriva-
tion of N for arbitrary |Vb
open problem.

It is worth noting that an explicit (though approximate)

, assuming €<< 1, is an interesting

form of the operator N allows us to derive weakly nonlinear
equations of motion for water waves over a nonuniform 2D
bottom. For example, the Hamiltonian functional [it is the
kinetic energy K plus the potential energy (g/2) [ 7°d*r] up
to the fourth order in terms of the canonically conjugate vari-
ables 7(r,7) and i(r,t) is written below:

1 n A
H=~2 f (YK + g+ (V) = (Ryp)*Thd’r
+§ f [yK 7K nK i+ (K V2 yldr, (51)

where K=[k tanh(hk)+N] (see Appendix B). It is interesting
to note that the bottom inhomogeneity comes into the Hamil-

tonian through the definition of the operator K only. For N
=0, Eq. (51) coincides with the previously known fourth-
order Hamiltonian for water waves at a uniform depth (see,
e.g., Ref. [17], and references therein). It is also clear that the
coupled-mode system (28) and (29) corresponds to the case
K~Fk, when the difference (k —12) is neglected in the third-
and fourth-order parts of the Hamiltonian, but is kept in the
second-order part. The functional H{7, i} determines the ca-
nonical equations of motion,

SH . A PPN
77,=5—¢“Kllf—(VnV)t/f—KnKWKnKan/

+ %[f(nzvzw V22 Ky, (52)
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oH ! 2 )2 % % %
~ =~ =g+ JLV = (Kp)T+ (KPR (K

+ (K V2. (53)

Numerical simulation of these cubically nonlinear equations,

with N#0, will be an important subject of future research.

Further analytical and computational work is also needed
to investigate the formation of vortex structures near the bot-
tom boundary and to evaluate their influence on the free-
surface dynamics. In any case, the present results, based on
the 2D purely potential theory, deserve attention. Moreover,
the author hopes that in a future real-world experiment all
the mentioned dissipative processes will be unable to destroy
water-wave GSs for a sufficiently long time. Instead, with
vortices and breaking wave crests, the predicted phenom-
enon of standing self-localized water waves over a periodic
bed will be found even more rich, interesting, and beautiful.
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APPENDIX A: EXPANSION OF OPERATOR N

The expansion of Nin powers of y is easily obtained from
the integral representation of the velocity potential,

q)(r’y) :f (d)k

where ¢y is the Fourier transform of the velocity potential at
y=0, and f} is the Fourier transform of an unknown function
f(r) which should be determined by substitution of Eq. (Al)
into the bottom boundary condition

cosh k(y + h)
cosh kh

sinh ky) dor d’k
ok Qm)?*
(A1)

(aq)/(?y - VX : V(I))|y:—h+)( =0. (A2)

The resulting integral equation can be represented as fol-
lows:

. : 2
v Jszk cosh[kg((r) h)] expli d’k

v [a

It can be formally solved for f(r) by expanding Eq. (A3) in
powers of y and assuming f=f,+f,+---. For instance, Eq.
(A3) with third-order accuracy is written below:

ik sinh[ky(r)] I d’k
keosh(kly PR DG

=0.

(A3)
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[ +(VyV )( ta“h(”k)) _ (VX; v ) } [cosh(hi)]f
k

= {(VXV )— (v’g v )vz][cosh(hzé)]-lqs. (A4)

As a result, we obtain an appr0x1mate solution f= (N | +N2

+N3)¢ where the operators N 1s Nz, and N3 are given by Eqgs.
(32)—(35). A linearized system describing the free-surface
dynamics is

7,= [k tanh(hk) 1+ f,

- =g, (A5)

where (r)=®(r, 7(r)) is the surface value of the velocity
potential (in the linear approximation = ¢). It gives us Eq.
(31) for the eigenfunctions WV, corresponding to some fixed
frequency .

APPENDIX B: HAMILTONIAN OF WATER WAVES
UP TO THE FIFTH ORDER

An approximate Hamiltonian of water waves can be eas-
ily derived by writing the kinetic energy of potential three-
dimensional motion of an ideal fluid in the form

7(r)
J d*r f [(0®/dy)? + (VD)?]dy
htx(r)

1 2
=5 p[0®/dy - Vn- V]| _,d°r

1 ik sinh{k[ 7(r) + 1]}
B 2JWI'J ((/)" k cosh(kh)

ik cosh[k#(r)]
k k2

k
) plik 1) s

%f (¢1%¢+ 7V ¢~V¢+§V Y- VK

3
—%V¢-V(V2¢)+--->d2r (B1)

with the subsequent substitution
T S R
b= = gKip+ nKnKp+ - V=ih— 9K| nKnKp+ V74

3
- ?Vznl{z,lw %VZKI//. (B2)
The approximate equality (B2) follows from an expansion of

Eq. (Al): ¢=[1+5K—(52/2)V>=(*/6)V?*K]¢. Thus,
=3 f {M[w— 7K+ nK K+ ?Vzw— nK( nKnKy

Tay) T

3
VZ)— V2pk lv%&]
+2 ¥ ) 771!/+6 ¥

+ V- V(w— K+ nK K+ ?W)
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2 3

+ %V - V(- nKy) - %V -V + - }dzr.

(B3)

After  simplifying, ~we  obtain  H=3[ {YKy+g 7
+ 7 (V)2 = (K)?BdPr+ HO+H )4+, where

HW = % f [yKnK nK+ 7 (Kp)V2pld’r,  (B4)

PHYSICAL REVIEW E 78, 066308 (2008)
yo L 131( V27 Soa s s fvz )
=3 6( W)V K~ YK nK nK nK i — 3( )

2
— P(KnKp) V2~ %(kw)vz(nkw))dzr. (B5)

In the same manner, it is also possible to derive the Hamil-
tonian with a higher-order accuracy.
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